Abstract. It has been believed that the continued fraction expansion of (α, β) (1, α, β is a Q-basis of a real cubic field) obtained by the modified JacobiPerron algorithm is periodic. We conducted a numerical experiment (cf. Table B, Figure 1 and Figure 2 ) from which we conjecture the non-periodicity of the expansion of (
Introduction
The study of continued fractions has a long history dating back to J. Wallis (1616-1703) and Ch. Huygens (1629-1695) [8] . In particular, many kinds of higherdimensional continued fractions have been studied starting with K.G. Jacobi (1804-1851) [7] . A central problem has been to find a higher-dimensional generalization of Legendre's theorem concerning the periodic continued fractions. In fact, the following conjecture has been believed. of the expansion of (α, β) ∈ K 2 by our algorithm for small classes of cubic fields K, including totally real cases, and pure cubic cases; cf. Theorems 2.4, 2.5.
The algorithms given in this paper are motivated by the algorithms given in [12] , which are quite different from the Jacobi-Perron algorithm, but our algorithms are related to the so-called modified Jacobi-Perron algorithm; cf. [3] , [4] , [5] , [10] .
The cubic case
In this section we consider real cubic fields K (including totally real cases and not totally real cases). We denote by X K the set defined by
, α, β are linearly independent over Q}∩I 2 , where I = [0, 1).
We define the transformation T K on X K by
, where x is the floor function of x and N (x) is the norm of x ∈ K over Q.
Since α and β are linearly independent over Q, so that
We define the integer-valued functions a, b and e on X K as follows:
We put (a n , b n , e n ) = (a n (α, β), b n (α, β), e n (α, β))
The sequence S(α, β) will be referred to as the expansion of (α, β) ∈ X K by T K ; T K gives rise to a 2-dimensional continued fraction expansion, which will be called the Algebraic Jacobi-Perron Algorithm(AJPA). Throughout our paper α n , β n are numbers defined by
Definition. We denote by P K the set
If (α, β) ∈ P K , the expansion S(α, β) by T K becomes periodic, and vice versa. In what follows we mean by "the period" the period obtained by choosing the shortest period and preperiod. For the periodic continued fraction obtained by AJPA, we have the following proposition. In a way similar to Perron [9] , we can show (1) Based on our many experiments (cf. Tables A, C, D), we can hope that
(2) In view of Proposition 2.2, we see that
Bernstein [1] gave some classes of periodic continued fractions obtained by the Jacobi-Perron algorithm. We can also give some examples of periodic expansions obtained by the AJPA, for example:
. Then, (α, β) ∈ P K and the length of the period is 2.
Proof. It is easy to see that (α, β) ∈ X K . We have |N (α)| = 1 and
, so that e 1 = 0. Therefore, we get
We see that |N (α 1 )| = 9m 3 + 1 and |N (β 1 )| = 1. One can see that
Therefore, we have e 2 = 1. Thus, we get
is periodic with 2 as the length of its (shortest) period. Thus, we get n 1 2 3 a n 3m 2 3m 3m
2 3m e n 0 1 0 a n = a n−2 , b n = b n−2 and e n = e n−2 for all n ≥ 4.
Second, we consider the case m = 1, i.e., (α 0 , β 0 ) = (
We get n 1 2 a n 0 2 b n 1 1 e n 1 0 a n = a n−2 , b n = b n−2 and e n = e n−2 for all n ≥ 3.
We put, for
The function dh can be extended to
The function dh AJPA (n; α, β) (resp., rdh AJPA (n; α, β)) is referred to as the nth decimal height of (α, β) (resp., the nth relative decimal height of (α, β)) with respect to the AJPA.
Let K = Q( ∈ Q) and these decimal heights; cf. Table A . For the calculation of the tables, we used a computer equipped with GiNaC [6] on GNU C++. We confirmed that (
. There are no reports on the periodicity of any of these pairs of numbers obtained by the Jacobi-Perron algorithm or any modified Jacobi-Perron algorithms except for the algorithms of [12] .
In [2] Elsner and Hasse gave numerical results for 36 pairs of cubic numbers with the Jacobi-Perron algorithm. They found 14 cases of periodicity but no sign of periodicity for the other 22 cases.
In [12] the first author computed the dh(T n (
for some n and m, where T is the transformation related to the Jacobi-Perron algorithm. Tamura observed that it becomes gradually bigger and bigger as a function of n for many 2 ≤ m ≤ 104. This suggests that for some m,
i.e., an explosion of the size of minimal polynomials. We computed dh(T n (
, where the transformationT , which is associated with the modified Jacobi-Perron algorithm, is defined by the following:
2 (1, x, y are linearly independent over Q),
cf. Podsypanin [10] . This algorithm has been studied in connection with simultaneous diophantine approximation [3] , [4] and [5] . Table B gives dh(T n (
The table also suggests an explosion phenomenon related to the modified Jacobi-Perron algorithm. 
so that e 1 = 0, and
. Therefore, e 2 = 0, and
and
, we get
Thus, we get e 3 = 1, and
holds if and only if
which is equivalent to
The inequality (2.3) holds, since 0 < δ m < 1 2 , which can be easily seen. Therefore, we get e 4 = 1, and we have
and |N (α 4 )| = . Therefore, we see e 5 = 0 and
m−2 ) and (α 7 , β 7 ) = (α 3 , β 3 ). Thus, we obtain (α 3+4j , β 3+4j ) = (α 3 , β 3 ) for all integer j ≥ 0.
Thus, we get n 1 2 3 4 5 6 7 a n m − 1 1 0 0 m − 2 1 1 b n 0 0 m − 1 1 1 0 m − 2 e n 0 0 1 1 0 0 1 a n = a n−4 , b n = b n−4 and e n = e n−4 for all n ≥ 8.
We also confirmed that ( τ m , τ 2 m ) ∈ P K for all integers m with 2 ≤ m ≤ 5000, where τ m is the maximal root of x 3 − mx + 1, while the length of the (shortest) period is very long in some cases. Table C gives these results.
The quartic case
Let K be a real quartic field over Q. In this section, we mean by X K and X K the sets defined by
In a similar manner to the cubic case, one can show the following.
and we denote by ω(α) the uniquely determined number i ∈ {1, 2, 3} with ρ(α) = φ(α i ). We define the transformation T K on X K as follows:
with
We define P K , in a similar fashion in Section 2, that is,
We also define dh, dh AJPA and rdh AJPA in a similar manner to Section 2, namely,
,
) is the monic minimal polynomial of α i . We computed the length of the period of the expansion of (
√ m 3 ) obtained by T K for m all 2 ≤ m ≤ 5000 and relative decimal heights given above; cf. Table D . We confirmed that (
A conjecture
Conjecture. Let K be a real cubic field or a real quartic field. Then: In Table A 
dh AJPA (n;
rdh AJPA (n;
which are well defined by the periodicity. 
